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CHAPTER 1

INTRODUCTION

1.1

Overview
Modeling an experiment assists in choosing the conditions required to achieve a

desired result and allows for predictions of the experimental results. A model, therefore,
was desired to provide a first order approximation for neutron yield for pulsed z-pinch
fusion experiments utilizing a new pulsed power machine currently under assembly at the
University of Alabama in Huntsville (UAH). Theoretical and computational modeling in
support of these experiments should include a combination of analytical, one dimensional
(1D), two dimensional (2D), and three dimensional (3D) tools. The benefits of simpler
analytical or exact solutions are that they allow rapid exploration of the parameter space
and provide test cases for multidimensional modeling tools. A 1D self-similar solution
was recently derived by Velikovich et. al. for the magnetic Noh problem in cylindrical
coordinates which provides an approximation for the post-implosion physics of a Z-pinch
(Velikovich, 2012). The objectives of this thesis were to utilize this solution to calculate
the neutron yield and fusion gain, validate the model against experimental data, and study
the predicted scaling of yield as a function of preshock conditions.
1

1.2

Background Physics
A Z-pinch refers to a type of implosion where an axial current is driven through a

column of plasma. The axial current creates a magnetic field around the wire and the
resulting J x B force compresses the plasma radially. In the case of pulsed currents, the
‘pinch’ force causes a cylindrical implosion upon the axis, as is shown in Figure 1.1
(Haines, 2011).
Magnetic field lines

r

Current

θ
z

Pinch force

r

θ
z

Figure 1.1: Illustration of Z-pinch physics
The study of Z-pinches is important because they show significant potential as a
driver for fusion reaction (Derzon, 2014; Ryutov, 2000; Miernik, 2012; Voronchev,
2010; Jian, 2014). As a magnetic confinement scheme, a Z-pinch has distinct advantages
over other schemes as it does not require an external magnetic field nor does it interact
with the walls of the reactor (Haines, 2011). It is “a highly efficient and cost effective
technique to heat a small mass to a very high temperature” (Liberman, 1999), which
2

makes it an ideal candidate for producing fusion reactors. Finally, unlike other fusion
devices, a Z-pinch does not require massive laser banks to create a burn wave.
The classic Noh problem involves a constant velocity fluid in a zero pressure
environment being driven to stagnate and a constant velocity shock moving away from
the point of stagnation (Axford, 1998; Velikovich, 2012). This model (Noh, 1987) is a
verification problem involving a gas with uniform properties and ideal gas behavior,
consisting of the properties of a reflected shock which depends on the initial conditions,
and exists in planar, cylindrical and spherical geometries. In the planar case, the gas
moves uniformly into a wall. For cylindrical and spherical geometries, the velocity is
purely radial and directed inward and the reflected shock begins at the origin. It should
be mentioned that the solution has also recently been extended to other equations of state
(Axford, 1998). The conditions behind the reflected shock are
(1.1)
(1.2)
and
(1.3)
where the temperature can be found using the ideal gas law,
(1.4)

3

An illustration of the solution in cylindrical symmetry is given in Figure 1.2. The
cylindrical Noh problem is relevant to pulsed z-pinch experiments because it provides an
estimate to the post-implosion state after the implosion on the axis launches an outward
moving shock. The recent solution of the Noh problem including an azimuthal magnetic
field permits the modeling of the magnetic field effects that would be present in a Zpinch due to the self-field generated by the axial current.

p0 = 0

u0 = constant

Vs = constant
r= 0

Figure 1.2: Classic Noh Problem (Gehmeyr, 1997)
1.3

Literature Review
The first Z-pinch is believed to have been demonstrated by Martinus van Marum

in 1790 (Haines, 2011). Subsequent discoveries include the pinching of a lightning
conductor (Pease, 1985), the development of a Z-pinch liquid conductor capable of
driving mercury (Northrup, 1907) and work in the 1940’s leading to a patent for a fusion
reactor (Haines, 2011).

However, due the “inherent MHD instabilities” and the

realization that early experiments were not producing thermonuclear reactions, many
shelved steady state Z-pinch research (Haines, 2011). There has been a renewed interest
in pulsed Z-pinches since the 1970’s with the maturity of pulsed power technology
(Haines, 2011). These capabilities have allowed for Z-pinch experiments which have
yielded information regarding the neutron yield and implosion velocities of pinches
(Velikovich, 2012; Coverdale, 2008). There has also been a strong focus on computer
modeling of Z-pinches, especially in support of and in conjunction with the experimental
capabilities. In 1994, Kirkpatrick et al. stated that high density Z-pinches are “now well
4

understood for a range of conditions” due to modeling efforts, but that they require
experimental verification (Kirkpatrick, 1994). The modeling of Z-pinches is an ongoing
effort; in 1999 a 2D Z-pinch model was built through collaboration between Los Alamos
National Laboratory, Sandia National Laboratories and the University of New Mexico
which attempted to capture the Rayleigh-Taylor instabilities and was used to design
experiments on Sandia’s Z Machine (Peterson, 1999). In 2004, Blackett Laboratory
wrote a 3D code to model Z-pinch experiments on Imperial College’s MAGPIE generator
(Chittenden, 2004).

Further work by Sandia and Blackett resulted in a 3D model

simulating the implosion and stagnation of compact wire arrays which accounted for the
generator power loads (Jennings, 2010).

More recent work includes modeling the

turbulent/chaotic magnetic fields in a Z-pinch (Vikhrev, 2006), investigating the
implosion and trailing mass (Yu, 2008), studying the effects of shock waves (Rhaman,
2012), a relaxation model utilizing a generalized Ohm’s law formulation (Seyler, 2011)
and a kinetic simulation model with a non-Maxwellian particle distribution (Welch,
2011).
An alternative to complex 2D and 3D simulations is to use a self-similar solution.
A self-similar solution is a method of solving PDEs by transforming the equations into
functions of a self-similar variable (Atzeni, 2009). This variable is a function of the
radius, time and initial velocity and is non-dimensional, resulting in dimensionless PDEs
which can be solved once for an infinite set of initial conditions (Atzeni, 2009). The use
of a self-similar solution to model fluid flow and fusion is nothing new, as it has been
used to discretize the Navier-Stokes and Euler equations (Chae, 2005), model
compressive flows, shock wave propagation and Rayleigh-Taylor instabilities (Gerin-

5

Roze, 2009; Jena, 2014; Sari, 2005; Hu, 2010). Of particular relevance to this work was
the application to estimate confinement time and energy gain in a spherically imploding
plasma liner (Cassibry, 2009) using a self-similar shock implosion (Lazarus, 1981).
One simulation and experimental result of particular interest is the fusion yield.
Fusion yield has historically been taken to scale as the peak current through the discharge
to the fourth power (Welch, 2011; Haines, 2011; Coverdale, 2007), similar to the scaling
law for x-ray emissions (Whitney, 1990). A short derivation of the neutron yield scaling
was given by Velikovich et. al. in 2007. Beginning with the thermonuclear neutron yield
equation, Velikovich noted that for a given gas nozzle injector and compression ratio,
higher-current drivers can accelerate higher masses to the same velocity as lower-current
drivers with lower masses, implying that the line mass is proportional to the square of the
peak current. As a result, he assumes a high-current and high-density regime. According
to the thermonuclear neutron yield equation, the yield is proportional to the square of the
number density or the square of the line mass. Thus, the yield scales with

and was

found to be a good fit for experimental data. However, this scaling works more reliably
in the high-current and high-density assumption, implying it may not hold as well for low
currents and densities (Velikovich, 2007). Further, the model assumes uniform properties
within the pinch, in which gradients in density, temperature, pressure, and magnetic field
may actually vary by an order of magnitude or more within a millimeter scale length.
1.4

This Work
The work presented in this thesis builds upon the approach by Cassibry et al.

(Cassibry, 2009) by solving in MATLAB the self-similar magnetized Noh problem
proposed by Velikovich et. al. (Velikovich, 2012) and using the numerical solution to
compute fusion yield calculations. The strength in the approach is that the self similar
6

solution yields a time dependent implosion model in which gradients in the magnetic
field and thermodynamic variables are included (Velikovich, 2012). Another benefit is
that the solution is not dependent on the characteristics of the pinch. Since the solution is
for the post-implosion regime, it is not dependent on the method used to achieve the
pinch. As a result, this model is valid for any experimental setup from gas puffs to wire
arrays, assuming the wires are made from fusionable materials.
In this paper, an overview will be given of the numerical model, starting with
Velikovich’s magnetized Noh problem and including the modeling done to calculate the
system gain and neutron yield. Next, the technical approach will be addressed and will
include the values used in the parameter sweep. Finally, the results will be provided and
discussed, followed by suggestions on improvements and future work.
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CHAPTER 2

THEORY AND APPROACH

2.1

Summary
The solution to the magnetized Noh problem and method for calculating fusion

energy are given below. For completeness, we provide an overview of the derivation of
the magnetic Noh problem, while the full derivation can be found in Velikovich’s paper
(Velikovich, 2012). The dimensionless and physical solutions are presented, followed by
the method for calculating the fusion energy. Neutron yield and fusion gain (fusion
energy divided by total energy of the system) are then described, and then the overall
method is validated by comparing with neutron yields determined experimentally by
Coverdale et. al. (Coverdale, 2007).

Finally, the choice of parametric ranges for

implosion velocity and density are given.
2.2

Self-Similar Magnetized Noh Solution
The governing equation for continuity, radial moment, total energy and Faraday’s

law in cylindrical coordinates with only radial dependence are given as:
(2.1)
8

(2.2)
(2.3)
(2.4)
The self-similar variable

is chosen as a function of radius, shock velocity and time to be
(2.5)

while the density, velocity, pressure and magnetic field are defined in terms of
corresponding non-dimensional functions that are

dependent:
(2.6)
(2.7)
(2.8)
(2.9)

The solution is developed by constraining the physical scale factors
and using symmetry to define new variables

and

,

,

and

as
(2.10)
(2.11)

Combining equations (2.1) through (2.11) yields the following self-similar equations:
(2.12)
(2.13)
(2.14)
which must be solved for ,

and . Equation (2.14) is solved directly for
9

(2.15)
and is used with equations (2.12) and (2.13) to solve for

and . The integration is done

using the 4th Order Runge-Kutta method (Chapra, 2008) with the integration proceeding
from r = 0 out to the shock. The equations are integrated with respect to

and

.

The initial conditions are obtained from the following equations:
(2.16)

(2.17)
(2.18)

(2.19)

(2.20)
Using the strong-shock Hugoniot jump conditions, the shock is found by calculating
from the following equation:
(2.21)
The value of

is then used to calculate the pre-shock Alfvén Mach number given by the

two left terms in the following equation:

10

(2.22)
If ratio of the left hand and right hand side of equation (2.22) is less than unity, the
integration proceeds. If the ratio is great than

, where δ is a user-defined measure

of accuracy, the previous integration step is repeated for half the value of
chose

. We

to obtain a high accuracy (Velikovich, 2012). It is desirable that the

shock is located at

, so once the shock as been found, the values of

and

are transformed as follows:
(2.23)
(2.24)
(2.25)
Where

is the value of

at the shock. The integration procedure is then repeated. The

integration for the pre-shock state is done using the initial conditions of
(2.26)
where

and

are the velocity, symmetry variable

and the value of the density

compression variable at the shock. Equation (2.14) is integrated once again and yields
the following expression for
(2.27)
The integration of equations (2.12) and (2.13) is once again done using a 4th Order
Runga-Kutta method (Chapra, 2008) and proceeds in the direction of increasing . Once
the integration is completed, the value of
in the following equations to solve for

is found using equation (2.27). This is used
and
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(2.28)

(2.29)
A typical solution for the dimensionless variables is given in Figure 2.1. The density,
seen in (a), increases from close to unity at the stagnation axis, drops suddenly at the
shock, and then increases again out towards infinity. This corresponds to the high
densities expected behind a shock. The velocity (b) is always negative as the mass is
moving towards the stagnation axis. In the post shock region it is almost constant, while
in the pre-shock region it increases rapidly in front of the shock. This is because the mass
is moving toward the stagnation axis at a high velocity. The pressure (c) high at the
stagnation axis, as is expected for an implosion, but then parabolically drops to zero as
the initial pressure is assumed to be zero in the Noh problem. The magnetic field (d)
shows a similar trend as density.
The solution can be converted to physical space by defining
(2.30)
and using equation (2.10) to find
(2.6) thru (2.9) to find , , ,

and
and

. These are used together with equations

, where

(Velikovich, 2012).

12

is calculated from the ideal gas law

Figure 2.1: Non-Dimensional Solution. N is the dimensionless density, U is the
dimensionless velocity, P is the dimensionless pressure and H is the dimensionless
magnetic field.
2.3

Calculation of Fusion Yield
The time and radially dependent physical solution was used to calculate the fusion

reaction rates, from which neutron yield and system gain could be determined. To
facilitate the discussion, a plot of the density versus radius is given in Figure 2.2 and
illustrates the post-shock region, shock location and direction. As indicated, the shock is
moving away from the vertical axis with a constant speed
includes the area between

. The post-shock region

and the shock, while the pre-shock region is ahead of

the shock.
The change in the number of reactions was calculated using the following
equation

13

(2.31)
The number density was calculated as a function of density and atomic mass
(2.32)
Reactivity (

) is a function of temperature, and was computed using a linear

interpolation between points in the reactivity table for D-D reactions from the NRL
Plasma Formulary (Huba, 2002).
The total number of reactions was found by integrating

with respect to time

using the trapezoid rule (Chapra, 2008), as shown in Figure 2.3. This was then converted
to the total charged particle and neutron energies using the fusion reaction equation given
below (Huba, 2008):

(2.33)
The charged particle and neutron energies were summed to give the total fusion energy.
The thermal and kinetic energies of the system and the magnetic pressure were
calculated similarly to the number of reaction and were summed from the origin to the
shock to give
(2.34)
where
(2.35)
(2.36)
(2.37)
14

Post-shock region

Shock
Vs

Imploding material

Figure 2.2: Solution Regions
(2.38)
(2.39)
Finally, the system gain was assumed to be
(2.40)
which we have defined as the ratio of the fusion energy produced to the total energy of
the post shock region. It should be mentioned that we are making the so-called ‘batch
burn’ assumption, in which the reactivity does not take into account the fuel burn up.
This is appropriate when the burnup fraction is significantly less than 1.0 as is the case in
our results. The approach is similar to the fusion gain calculated by Welch (Welch,
2011), except that he did not account for the kinetic energy or magnetic pressure.
15

Once the fusion energy is calculated, a curve fit to the neutron yield and gain
versus total energy was done using linear regression with a logarithmic transformation of
the power law (Chapra, 2008). This was done to determine an equation to estimate the
scaling law and which could be used to estimate the energy required for break even
fusion.
2.4

Validation of Fusion Calculations
Once the model was built, it was possible to verify it against experimental results.

The experimental data chosen was given by Coverdale for a deuterium gas-puff
(Coverdale, 2007). In Coverdale et. al., the pinch length and initial mass were given as 2
cm and 4.05x10-5 kg/m, and permitted the initial density to be estimated assuming a
radius of 4 cm (Coverdale, 2007). Because the experimental gas puff included 0.5%
Argon or Freon-12 in the inner and outer shells (Coverdale, 2007) and the code only
accounts for deuterium, the ratio of specific heats was set to 1.5 to account for the Argon
and Freon-12.
The spatial scale adjusts the implosion velocity, which was set to 0.04 m in order to
match the approximate implosion velocity of 100 km/s report in the paper (Coverdale,
2007). The yield predicted with that parameter was 7.02 x 1013 neutrons, which was a
factor of 1.8 above that of Coverdale et al.

Since the spatial gradients in the

thermodynamic properties and velocity are unknown in the experiment, we considered
this to be good agreement. By adjusting the time scale parameter in the model, we could
improve agreement between the model and experiment to within a factor of 1.15. Given
the supposed limited applicability of our model to self similar implosions following
(2.5)

16
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Figure 2.3: Trapazoidal Integration Method for Neutron Yield
we consider the agreement to within an order of magnitude of the experiment to be very
good, and proceed with its utilization in this thesis as a tool to produce qualitative and
somewhat quantitative prediction of basic trends in z-pinch yields.
We were interested in the scaling laws for z-pinch yield as predicted by the model
we have discussed above. Since the yield will scale with energy, we chose pre-shock
density and implosion velocity as our free parameters for conducting a parametric sweep,
using deuterium as the fusion fuel for all calculations. To implement this in our model,
the implosion velocity is set by varying the time scale via the parameter

and the initial

density is set by , the number density. Six different number densities were chosen as
shown in Table 2.1. These span the range of densities from gas to solid density. The

17

mass density was calculated assuming a deuterium – deuterium (D-D) reaction, with
.
Table 2.1: Pre-shock number densities investigated for magnetized Noh shock fusion
energy calculations
Case 1 Case 2 Case 3 Case 4 Case 5 Case 6
1027
1028
n (m )
1023
1024
1025
1026
For each of these number densities, the time scale was varied as 10-6, 10-5.75, 10-5.5, 10-5.25,
-3

and 10-5 s. Short time scales were found to give a zero neutron yield, while longer time
scales resulted in neutron yields several orders of magnitude smaller than the time scales
chosen.

18

CHAPTER 3

FUSION ENERGY CALCULATIONS

3.1

Dimensionless and Physical Solution of the Magnetized Noh Shock Problem
A typical plot of the physical variables shown in the following figures, where we

have chosen

,

and

.

As expected, the

location of the shock moves away from the axis as time passes, as shown in Figure 3.1.
The density behind the shock also increases as more mass is caught behind the shock. In
Figure 3.2, the velocity can be seen as a function of time. Once again, the shock moves
to the right as time progresses. Unlike density, however, the velocity ahead of the shock
remains fairly constant. The stagnation conditions at the axis are met as the velocity
drops to zero at that point. The magnetic field as a function of time, shown in Figure 3.3,
has similar trends to those of density. As time progresses, the magnetic field increases
both behind the shock and in front of it. The temperature decreases almost linearly
toward the shock, as seen in Figure 3.4 as a function of radius and time. At the shock, it
drops to zero because the pressure outside the shocked region is assumed to be zero,
which is a necessary assumption in order to produce both the magnetized and standard
Noh shock solutions. The temperature is highest at the stagnation axis, as there is a
singularity as the radius approaches 0 m. It is of interest to note that this effect is
19

exploited in both cylindrical and spherical implosions in inertial fusion (Atzeni and
Meier-ter-vehn, 2009). Also of interest is that as time progresses, the curves shift to the
right and the temperature curve appears constant on a logarithmic scale. Finally, the
pressure time progression curves in Figure 3.5 show that the pressure increases behind
the shock as time increases. This corresponds to the higher densities found in the postshock region and supports the ideal gas assumption made to calculate the temperature.
Similar to temperature, pressure is highest near the stagnation axis, but then tapers off to
zero at the shock.

20

Figure 3.1: Time Progression of Density

21

Figure 3.2: Time Progression of Velocity
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Figure 3.3: Time Progression of Magnetic Field
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Figure 3.4: Time Progression of Temperature

24

Figure 3.5: Time Progression of Pressure
3.2

Experimental Comparison
When comparing the neutron yield and implosion velocity against those given by

Coverdale (Coverdale, 2007), the results were found to be in good agreement and are
given below in Table 3.1 along with the results from the Coverdale paper.
Table 3.1: Verification Results
Neutron Yield
Implosion Velocity (m/s)
Coverdale
3.90E+13
1.00E+06
This work
3.39E+13
8.34E+05
The percent difference between the neutron yield of this work and the Coverdale paper is
about 13%, which is within the range of uncertainties in the experimental data. To obtain
agreement this close, we adjusted our implosion velocity as given in the table. By
matching the implosion velocity exactly by adjusting the time scale for the physical
solution, our yield was about a factor of 1.15 higher. Considering that the experiments do
25

not necessarily produce radial gradients which resemble the self similar solution
presented here, agreement within an order of magnitude was considered to be
satisfactory. The yields predicted by the model should be regarded qualitative, reflecting
order of magnitude estimates. From this result, we proceeded to utilize the model for
predicting trends at various energy scales.
3.3

Total Energy, Neutron Yield and Gain
The total energy in the system, calculated as the sum of magnetic pressure,

thermal and kinetic energies, is shown in Figure 3.6 to be linear with respect to time.
While initially very small energies are present, they increase by several orders of
magnitude over a period of less than 10 μs as the outgoing shock sweeps up mass at a rate
proportional to r2.
The results for the parameter sweep are given below in Figures 3.7 and 3.8 for the
neutron yield and gain, respectively. Each plot corresponds to a given initial density, and
the time scales are plotted for each initial density. The neutron yield shows a linear
relationship to the total system energy. Similarly, the gain also illustrates a linear relation
to total energy. The gain plots show that at high enough initial densities, it is possible for
a system described by this model to reach break even for deuterium. The 50 kJ estimated
total energy of Charger 1 is shown on the gain plot to estimate its potential gain for
reference.
The results of the linear regression curve fit are given in Table 3.2 and Table 3.3.
As can be seen, the slopes for the neutron yield and gain curves are constant across both
initial density and time scale. The y-intercept does change with initial density and time
scale, with the y-intercept value increasing with increasing time scale and density. It is
also important to note the neutron yield fit has an R2 value of 0.998, while the gain fit has
26

Figure 3.6: Total Energy versus Time
an R2 value of 0.987, indicating that the curve accurately fits the data. Examples of the
trendlines are given in Figure 3.9 and Figure 3.10 for the gain and neutron yield of Case 6
with a timescale of 10-6 seconds.
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Figure 3.7: Neutron Yield versus Total Energy. The lines correspond to the following
time scales: Blue: tm = 10-6 s; Red: tm = 10-5.75 s; Green: tm = 10-5.5 s; Black: tm = 10-5.25 s;
Magenta: tm = 10-5 s.
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Figure 3.8: Gain versus Total Energy. The lines correspond to the following time scales:
Blue: tm = 10-6 s; Red: tm = 10-5.75 s; Green: tm = 10-5.5 s; Black: tm = 10-5.25 s; Magenta: tm
= 10-5 s. The black vertical line is the estimate of the energy produced by Charger 1,
while the cyan horizontal lines show where Gain = 1.
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Table 3.2: Curve Fit Results for Cases 1 - 4
Case 1
Yield
tm
10-6
10-5.75
10-5.5
10-5.25
10-5

Slope
1.6308
1.6308
1.6308
1.6308
1.6308

Intercept
2.4561
2.9649
3.3153
3.3718
3.1026

Gain
2

R
0.9981
0.9981
0.9981
0.9981
0.9981

Slope
0.6308
0.6308
0.6308
0.6308
0.6308

Intercept
-9.4764
-8.9677
-8.6173
-8.5608
-8.8300

R2
0.9872
0.9872
0.9872
0.9872
0.9872

Case 2
Yield
tm
10-6
10-5.75
10-5.5
10-5.25
10-5

Slope
1.6308
1.6308
1.6308
1.6308
1.6308

Intercept
2.8253
3.3341
3.6844
3.7409
3.4718

Gain
2

R
0.9981
0.9981
0.9981
0.9981
0.9981

Slope
0.6308
0.6308
0.6308
0.6308
0.6308

Intercept
-9.1072
-8.5985
-8.2481
-8.1916
-8.4608

R2
0.9872
0.9872
0.9872
0.9872
0.9872

Case 3
Yield
tm
10-6
10-5.75
10-5.5
10-5.25
10-5

Slope
1.6308
1.6308
1.6308
1.6308
1.6308

Intercept
3.1945
3.7032
4.0536
4.1101
3.8409

Gain
2

R
0.9981
0.9981
0.9981
0.9981
0.9981

Slope
0.6308
0.6308
0.6308
0.6308
0.6308

Intercept
-8.7381
-8.2293
-7.8790
-7.8225
-8.0916

R2
0.9872
0.9872
0.9872
0.9872
0.9872

Case 4
Yield
tm
10-6
10-5.75
10-5.5
10-5.25
10-5

Slope
1.6308
1.6308
1.6308
1.6308
1.6308

Intercept
3.5637
4.0724
4.4228
4.4793
4.2101

Gain
2

R
0.9981
0.9981
0.9981
0.9981
0.9981
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Slope
0.6308
0.6308
0.6308
0.6308
0.6308

Intercept
-8.3689
-7.8601
-7.5098
-7.4533
-7.7225

R2
0.9872
0.9872
0.9872
0.9872
0.9872

Table 3.3: Curve Fit Results for Cases 5 - 6
Case 5
Yield
tm
10-6
10-5.75
10-5.5
10-5.25
10-5

Slope
1.6308
1.6308
1.6308
1.6308
1.6308

Intercept
3.9328
4.4416
4.7919
4.8484
4.5793

Gain
2

R
0.9981
0.9981
0.9981
0.9981
0.9981

Slope
0.6308
0.6308
0.6308
0.6308
0.6308

Intercept
-7.9997
-7.4910
-7.1406
-7.0841
-7.3533

R2
0.9872
0.9872
0.9872
0.9872
0.9872

Case 6
Yield
tm
10-6
10-5.75
10-5.5
10-5.25
10-5

Slope
1.6308
1.6308
1.6308
1.6308
1.6308

Intercept
4.3020
4.8107
5.1611
5.2176
4.9484

Gain
2

R
0.9981
0.9981
0.9981
0.9981
0.9981
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Slope
0.6308
0.6308
0.6308
0.6308
0.6308

Intercept
-7.6306
-7.1218
-6.7714
-6.7149
-6.9841

R2
0.9872
0.9872
0.9872
0.9872
0.9872

Figure 3.9: Neutron Yield vs. Total Energy Curve Fit for Case 6 at tm = 10-6
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Figure 3.10: Gain vs. Total Energy Curve Fit for Case 6 at tm = 10-6
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CHAPTER 4

CONCLUSIONS

In summary, a 1D self-similar model derived recently by Velikovich et al
(Velikovich, 2012) was built in MATLAB and utilized to calculate neutron yield and gain
with the fusion batch burn assumption by integrating a time and radially dependent
magnetized Noh shock solution. This new approach to computing neutron yield from a
cylindrical implosion driven by a pulsed z-pinch experiment will assist in the design and
prediction of future experiments for Charger 1 and to serve as a benchmark for UAH
developed MHD computer codes. The density, pressure, magnetic field, velocity and
temperature curves are also useful for estimating experimental conditions to be reached to
assist in diagnostic planning and data analysis. The code was found to be within an order
of magnitude of experimental neutron yield for deuterium gas puff experiment on the
Sandia Z machine. The total energy is predicted to increase linearly with respect to time
as the radial shock propagates in the solution, which may be of use for understanding the
rate of rise in neutron flux measured with neutron diagnostics. Finally, the neutron yield
and gain, calculated using the batch burn assumption, show a linear relationship to the
total energy in the system. The gain curves show that given high enough initial densities,
the magnetic Noh problem predicts that breakeven fusion is possible for a pure deuterium
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plasma. Curve fits to the data show a slope of 1.6308 neutrons/J for neutron yield and a
slope of 0.6308 /J for gain. These are approximately constant across both initial density
and time scale and are a good fit for the data.
These results are significant for a number of reasons. First, the verification
against experimental data showing the model yields results that closely match
experimental data justifies the use of the magnetic Noh solution to model the physics and
the assumption of batch burn yield. It demonstrates the code can be used for its intended
purpose of modeling experiments on Charger 1.

In addition, the code provides an

opportunity to study the effects of initial density and implosion velocity upon neutron
yield and gain and supports the idea of Z-pinches as potential break even fusion devices.
Finally, the curve fits give a scaling law for D-D fusion reactions as a function of the total
energy in the system rather than peak input current. The scaling law for gain can then be
used to determine the total energy input required to achieve break even fusion.
Future work should explore the applicability of the method for additional fuel
cycles, including deuterium/tritium, deuterium/helium-3, and lithium deuteride. Once
other fuel reactivities are added, curve fits should be performed on the neutron yield and
gain to determine if the scaling law is dependent on the fusion material. Additional
improvements would include calculating the mean free path of the particles to determine
the accuracy of the batch burn approximation, which is expected to breakdown at high
densities and/or large target sizes where the stopping power of the fusion products would
be significant.

Finally, a more thorough comparison of the model with available

experimental data should be performed, especially at lower energies where neutron yield
is dominated by Rayleigh-Taylor instabilities and beam-target scaling.
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Significant

departure (several orders of magnitude underestimated) neutron yields may be observed
between the model and experimental data at these low energies, and fusion reactivity
tables with assumed nonequilibrium distribution functions could perhaps be utilized to
improve those discrepancies. Such a tool may lead to a simple method for quantifying
the velocity distribution of the fusion plasma, which may be far from Maxwellian.
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APPENDIX A

MATLAB CODE

A.1 Magnetic Noh Solution
%clear, clc
format compact
bitmax
%% SOLUTION OF POST-SHOCK CONDITIONS
%Constants from Table 1
eta0 = 1e-6;
Am = 1;
Sm = 10*Am;
chi = 1;
%Locus Accuracy
del = 1e-6;
%Calculating sigma
sigma = (2*chi*(gamma - 1))/(chi + gamma);
for x = 1:1:2;
%% Calculating U0
u(1) = 1;
u(2) = gamma - 1;
u(3) = (gamma - 1)*((gamma - 5)*sigma^2 + 4*(gamma - 2)*sigma +
4*(gamma - 1))/(4*(sigma + 1));
u(4) = ((gamma - 1)/(16*(sigma + 1)*(3*sigma + 2)))*((4*gamma^2 45*gamma + 113)*sigma^4 +...
4*(7*gamma^2 - 53*gamma + 76)*sigma^3 + 12*(6*gamma^2 29*gamma + 27)*sigma^2 + ...
80*(gamma - 1)*(gamma - 2)*sigma + 32*(gamma - 1)^2);
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U0 = 0;
kmax = 4;
for k = 1:kmax
U = -(chi/gamma)*u(k)*((Am*eta0^sigma)/(sigma*Sm))^(k-1);
U0 = U0 + U;
end
%% Calculating S0
s(1) = 1;
s(2) = -0.5*(gamma - 1)*(sigma + 2);
s(3) = sigma * ((9*gamma - 5)*sigma^2 + 2*(9*gamma - 7)*sigma +
8*(gamma - 1))/(16*(sigma + 1));
s(4) = (sigma/(24*(sigma + 1)*(3*sigma + 2)))*(2*(5*gamma 2)*(gamma - 8)*sigma^4 + ...
(54*gamma^2 - 247*gamma + 123)*sigma^3 + 4*(25*gamma^2 71*gamma + 39)*sigma^2 + ...
12*(gamma - 1)*(6*gamma - 7)*sigma + 16*(gamma - 1)^2);
S0 = 0;
for k = 1:kmax
S = (Sm/eta0^(2*gamma*(chi + 1)/(chi +
gamma)))*s(k)*((Am*eta0^sigma)/(sigma*Sm))^(k-1);
S0 = S + S0;
end
%% Calculating A0
A0 = Am*((chi + gamma)/(gamma*eta0*(1 - U0)))^2;
%% Numerically integrating eqns. (16) & (17) with (20) from U0, S0
to the
%% shock using the Runge-Kutta method
deta = (log(1e2) - log(eta0))/5001;
etaold = eta0;
j = 2;
U(1) = U0;
S(1) = S0;
A(1) = A0;
e(1) = etaold;
lneta = log(eta0);
y(1,1) = U0; y(1,2) = log(S0);
i = 1;
hh = deta;
notdone = 1;
dydt = @dydtsys;
pauseeverytime = 0;
while notdone
%parameters that need to be passed in to dydt in addition to
the
%variables U and S
parameters.Am = Am;
parameters.chi = chi;
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parameters.gamma = gamma;
%used to interupt calculation selectively on the 2nd loop
if x==1
parameters.stop = 0;
else
parameters.stop = 1;
end
%4th order RK method
k1 = dydt(lneta, y(i,:), parameters)';
ymid = y(i,:) + k1.*hh/2;
k2 = dydt(lneta + hh/2, ymid,parameters)';
ymid = y(i,:) + k2.*hh/2;
k3 = dydt(lneta + hh/2, ymid,parameters)';
yend = y(i,:) + k3.*hh;
k4 = dydt(lneta + hh, yend,parameters)';
phi = (k1 + 2*(k2+k3) + k4)/6;
y(i + 1,:) = y(i,:) + phi*hh;
hi(i+1) = y(i+1,2);
yS(i+1,2) = exp(y(i+1,2));
%update other values for this step
lneta = lneta + hh;
tt = exp(lneta);
Anew = Am*((chi + gamma)./(gamma.*tt*(1 - y(i+1,1)))).^2;
%checking to see if close enough to calculate locus
Ms = sqrt((1-y(i+1,1))/yS(i+1,2));
mufun = @(mu) Ms^2 - 2*mu.^2.*(gamma*mu - gamma +
2)./(gamma.*(gamma - 1).*(1 - mu).^3);
mu = fzero(@(mu) Ms^2 - 2*mu.^2.*(gamma*mu - gamma +
2)./(gamma.*(gamma - 1).*(1 - mu).^3),[0 .99999999999]);

Masq1 = (mu.^2.*(gamma.*mu - gamma + 2))./((gamma + 1).*mu gamma + 1);
Masq2 = (1-y(i+1,1))/Anew;
Ma = sqrt((mu.^2.*(gamma.*mu - gamma + 2))./((gamma + 1).*mu gamma + 1));
locus = Ma^2/((1 - y(i+1,1))/Anew);
U(j)
S(j)
A(j)
e(j)
Uold

=
=
=
=
=

y(i+1,1);
yS(i+1,2);
Anew;
tt;
y(i+1,1);
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if and(locus<1,locus>0)
%pause every time step at this point to watch the variables
lneta = log(e(j-1));
tt = exp(lneta);
%half the time step and try again
hh = hh/2;
pauseeverytime = 1;
if abs(locus-1)<del
notdone = 0;
end
else
i = i + 1;
j = j + 1;
end
end
e(end)
%% Transformation and reintegration
if x==1
eta = eta0/e(j);
Sm = Sm/e(j)^(sigma + 2);
Am = Am/e(j)^2;
eta0 = eta;
clear U S A E e y Uold i j
end
end
%Calculating Nm to find N
Nm = 1/(mu*(S(end-1)^(chi + 1)*(e(end-1).^2*(1-U(end-1)))^(chi*gamma +
1))^(1/(gamma - 1)));
N = Nm*(S.^(chi + 1).*(e.^2.*(1 - U)).^(gamma*chi + 1)).^(1/(gamma 1));
%% SOLUTION TO PRE-SHOCK CONDITIONS
%keyboard
U2 = U(end);
U1 = 1 - (1/mu)*(1 - U(end));
A1 = mu^2*A(end);
N1 = 1;
S1 = 0;
%% Final Numerical Integration
deta = log(1e5)/2000;
Uold = U1;
Sold = S1;
Aold = A1;
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eta0 = e(end);
etaend = 1e4;
lneta = log(eta0);
y(1, 1) = U1; y(1, 2) = log(N1);
i = 1;
hh = deta;
notdone = 1;
dydt = @dydtsys2;
pauseeverytime = 0;
while notdone
%parameters that need to be passed in to dydt in addition to the
%variables U and S
parameters.A1 = A1;
parameters.U1 = U1;
parameters.chi = chi;
parameters.gamma = gamma;
k1 = dydt(lneta, y(i,:), parameters)';
ymid = y(i,:) + k1.*hh/2;
k2 = dydt(lneta + hh/2, ymid,parameters)';
ymid = y(i,:) + k2.*hh/2;
k3 = dydt(lneta + hh/2, ymid,parameters)';
yend = y(i,:) + k3.*hh;
k4 = dydt(lneta + hh, yend,parameters)';
phi = (k1 + 2*(k2+k3) + k4)/6;
y(i + 1,:) = y(i,:) + phi*hh;
%update other values for this step
lneta = lneta + hh;
tt = exp(lneta);
Anew = A1*(1 - U1).^2/(tt^2*(1 - y(i + 1, 1)));
if tt > etaend
notdone = 0;
end
U(j + 1) = y(i, 1);
A(j + 1) = Anew;
N(j + 1) = exp(y(i+1, 2));
S(j + 1) = 0;
e(j + 1) = tt;
%advance the counters
j = j+1;
i = i+1;
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end
%get Uinf
Ainf = A(end).*e(end)^2 *(1-U(end))^2;
Ufun = @(Uinf) Uinf.*(1 - (chi+1)*Ainf/e(end)./Uinf (3*chi+2)*Ainf/2/e(end)^2 + ...
Ainf/3./Uinf/e(end)^3 .*((chi+1)*(3*chi+1)*Ainf ...
3*(2*chi+1).*Uinf.^2)) - e(end)*U(end);
Uinf = fzero(Ufun, [-100 100]);
%get Ninf
Nfun = @(Ninf) Ninf*e(end)^2*(1 - Uinf*(2*chi + 1)/e(end) +
chi/e(end)^2*((chi + 1)*Ainf + (2*chi...
+ 1)*Uinf^2) - chi*(2*chi - 1)*Uinf/(6*e(end)^3)*((6*chi + 5)*Ainf
+ 2*(2*chi + 1)*Uinf^2)) - N(end);
Ninf = fzero(Nfun, [-50 50]);
%get Hinf
Hinf = sqrt(Ainf*Ninf);
%% Solving for P and H
P = S.*e.^2.*N.*(1 - U)/gamma;
H = sqrt(A.*e.^2.*N.*(1 - U));

A.2 4th Order Runga-Kutta Method
function [tp, yp] = rk4sys(dydt, tspan, y0, h, varargin)
% Taken from Chapra, S. C., “Applied Numerical Methods with MATLAB® for
% Engineers and Scientists,” McGraw Hill, New York, 2008, pp. 500-504.
n = length(tspan);
ti = tspan(1); tf = tspan(n);
if n == 2
t = (ti:h:tf)'; n = length(t);
if t(n) < tf
t(n+1) = tf;
n = n + 1;
end
else
t = tspan;
end
tt = ti; y(1,:) = y0;
np = 1; tp(np) = tt; yp(np,:) = y(1,:);
i = 1;
while(1)
tend = t(np+1);
hh = t(np+1) - t(np);
if hh > h, hh = h; end
while(1)
if tt + hh > tend, hh = tend - tt; end
k1 = dydt(tt, y(i,:), varargin{:})';
ymid = y(i,:) + k1.*hh/2;
k2 = dydt(tt + hh/2, ymid, varargin{:})';
ymid = y(i,:) + k2.*hh/2;
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k3 = dydt(tt + hh/2, ymid, varargin{:})';
yend = y(i,:) + k3.*hh;
k4 = dydt(tt + hh, yend, varargin{:})';
phi = (k1 + 2*(k2+k3) + k4)/6;
y(i + 1,:) = y(i,:) + phi*hh;
tt = tt + hh;
i = i + 1;
if tt >= tend, break, end
end
np = np + 1; tp(np) = tt; yp(np,:) = y(i,:);
if tt >= tf, break, end
end

A.3 System of Equations for Post-Shock State
function dy = dydtsys(lneta, y, parameters)
%key
%y(1) is U
%y(2) is S
% Am = 502.013346026;
% chi = 1;
% gamma = 5/3;
%update the parameters and coefficients
Am = parameters.Am;
chi = parameters.chi;
gamma = parameters.gamma;
eta = exp(lneta);
%update A
A = Am*((chi + gamma)/(gamma*eta*(1 - y(1))))^2;
%initialize dy
dy = [0;0];
%governing equations
%solution of Eq. 16 for dU/dln eta
dy(1) = -(y(1)*(y(1) - 1) + 2*y(2)*(y(1) + chi/gamma) + ...
(chi + 1)*A)/(y(1) + exp(y(2)) + A - 1);

%solution of Eq. 17 for ds/dln eta, noting that d lnS = 1/S dS
%Also note that we are using the current value of dU/dln eta calculated
%above in this expression right ------------------------here
dy(2) = -(1/(y(1) - 1))*(2*(gamma*y(1) - 1) + gamma*dy(1));
end

A.4 System of Equations for Pre-Shock State
function dy = dydtsys2(lneta, y, parameters)
%key
%y(1) is U
%y(2) is S
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% Am = 502.013346026;
% chi = 1;
% gamma = 5/3;
%update the parameters and coefficients
A1 = parameters.A1;
U1 = parameters.U1;
chi = parameters.chi;
eta = exp(lneta);
S = 0;
%update A
A = A1*(1 - U1)^2/(eta^2*(1 - y(1))^2);
%initialize dy
dy = [0;0];
%governing equations
%solution of Eq. 16 for dU/dln eta
dy(1) = -(y(1)*(y(1) - 1) + (chi + 1)*A)/(y(1) + A - 1);
%solution of Eq. 9 for dln N/dln eta
dy(2) = -1/(y(1) - 1)*(dy(1) + 2*y(1) + 2*chi);
end

A.5 Conversion to Physical Space
%% This program converts the Oh_Noh_Problem solution into physical
space
%% using user-defined input
%% User-Defined Input
%Gas
MW = 2; %D-D
R = 8314.5/MW; %J/kg*K - ideal gas constant
Cv = R/(gamma-1);
%Time, scale and initial conditions
tm = 10.^(-6:.25:-5);
Rm = 1;
Vs = Rm./tm;
rho0 = 2*amu*nd;
p0 = 0; %Pa
m0 = 4*pi*1e-7;
%% Calling Oh_Noh_Problem to Get Z Pinch Solution
Oh_Noh_Problem_lnS2
for ii = 1:length(tm);
time = t;
%% Converting to Physical Space

44

r(ii,:) = e.*Vs.*time;
rhom = rho0/Ninf;
Bm = sqrt(m0*rhom*Vs.^2);
pm = rhom*Vs.^2;
v(ii,:) =
rho(ii,:)
p(ii,:) =
B(ii,:) =
T(ii,:) =

Vs.*e.*U;
= rhom*(time/tm).^(2*chi).*N; %kg/m^3
pm*(time/tm).^(2*chi).*P; %Pa
Bm*(time/tm).^chi.*H; %Tesla
p(ii,:)./(R.*rho(ii,:)); %K

end
%% To plot change over time
% figure('color',[1 1 1],'unit','inches','position',[3 1 6 4.5])
% for ii = 1:length(t)
%
%% Plots
%
ph = loglog(r(ii,:),rho(ii,:));
%
set(ph, 'color',[red(ii) green(ii) blue(ii)]);
%
xlim([x1 x2]);
%
xlabel('Radius (m)','FontName','Times New Roman','fontsize',11);
%
ylabel('Density (kg/m^3)','FontName','Times New
Roman','fontsize',11);
%
hL = legend('10^{-12} s','10^{-10} s','10^{-8} s','10^{-6}
s','location','nw');
%
set(hL,'FontName','Times New Roman','fontsize',11);
%
hold on
% end
%
% figure('color',[1 1 1],'unit','inches','position',[3 1 6 4.5])
% for ii = 1:length(t)
%
ph = loglog(r(ii,:),B(ii,:));
%
set(ph, 'color',[red(ii) green(ii) blue(ii)]);
%
xlim([x1 x2])
%
xlabel('Radius (m)','FontName','Times New Roman','fontsize',11);
%
ylabel('Magnetic Field (Tesla)','FontName','Times New
Roman','fontsize',11);
%
hL = legend('10^{-12} s','10^{-10} s','10^{-8} s','10^{-6}
s','location','nw');
%
set(hL,'FontName','Times New Roman','fontsize',11);
%
hold on
%
end
%
% figure('color',[1 1 1],'unit','inches','position',[3 1 6 4.5])
% for ii = 1:length(t)
%
ph = loglog(r(ii,:),v(ii,:));
%
set(ph, 'color',[red(ii) green(ii) blue(ii)]);
%
xlim([x1 x2])
%
xlabel('Radius (m)','FontName','Times New Roman','fontsize',11);
%
ylabel('Velocity (m/s)','FontName','Times New
Roman','fontsize',11);
%
hL = legend('10^{-12} s','10^{-10} s','10^{-8} s','10^{-6}
s','location','ne');
%
set(hL,'FontName','Times New Roman','fontsize',11);
%
hold on
%
end
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%
% figure('color',[1 1 1],'unit','inches','position',[3 1 6 4.5])
% for ii = 1:length(t)
%
ph = loglog(r(ii,:),p(ii,:));
%
set(ph, 'color',[red(ii) green(ii) blue(ii)]);
%
xlim([x1 x2])
%
xlabel('Radius (m)','FontName','Times New Roman','fontsize',11);
%
ylabel('Pressure (Pa)','FontName','Times New
Roman','fontsize',11)
%
hL = legend('10^{-12} s','10^{-10} s','10^{-8} s','10^{-6}
s','location','nw');
%
set(hL,'FontName','Times New Roman','fontsize',11);
%
hold on
%
end
%
% figure('color',[1 1 1],'unit','inches','position',[3 1 6 4.5])
% for ii = 1:length(t)
%
ph = loglog(r(ii,:),T(ii,:));
%
set(ph, 'color',[red(ii) green(ii) blue(ii)]);
%
xlim([x1 x2])
%
xlabel('Radius (m)','FontName','Times New Roman','fontsize',11);
%
ylabel('Temperature (K)','FontName','Times New
Roman','fontsize',11);
%
hL = legend('10^{-12} s','10^{-10} s','10^{-8} s','10^{-6}
s','location','ne');
%
set(hL,'FontName','Times New Roman','fontsize',11);
%
hold on
% end
% figure('color',[1 1 1],'unit','inches','position',[3 1 6 4.5])
% loglog(r(3,:),rho(3,:))
% xlabel('Radius (m)'); ylabel('Density (kg/m^3)'); xlim([x1 x2]);

if 0
rmin = 1e-5;
rmax = .25;
range = (r<=rmax);
figure(1)
subplot(4,1,1)
loglog(r,rho)
ylabel('\rho')
xlim([rmin rmax])
subplot(4,1,2)
loglog(r,T/11605/1000)
ylabel('T (keV)')
xlim([rmin rmax])
subplot(4,1,3)
loglog(r,B)
ylabel('B (T)')
xlim([rmin rmax])
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subplot(4,1,4)
loglog(r,v/1000)
ylabel('v (km/s)')
xlim([rmin rmax])
xlabel('r (m)')
set(gca,'xtick',10.^[log10(rmin):1:1])

% display(['Max velocity is ' num2str(max(abs(v(range)/1000))) '
(km/s)']);
% display(['Max B is ' num2str(max(abs(B(range)))) ' (T)']);
% display(['Max density is ' num2str(max((rho(range)))) ' (kg/m^3)']);
end

A.6 Calculating Yield and Gain
clear, clc
format compact
%% Knowns
amu = 1.6605e-27; %kg
q = 1.6e-19; %J/ev
dNdt = 0;
munaught = 4*pi*10^-7;
%% Inputs
l = 0.01; %m
nd = 10^28;
M1 = 2; %u
M2 = 2; %u
tf = 1e-6; %test cases
dt = tf/100;
tvec = 0:dt:tf; %s
tvec(1) = dt/100; %to avoid nans
Y = zeros(5,length(tvec));
Etot = zeros(5,length(tvec));
mass = zeros(5,length(tvec));
Rs = zeros(5,length(tvec));
imp_v = Y;
mT = 0;
mV2 = 0;
mag_psum = 0;
%% Running Oh_Noh program
gamma = 5/3;
Oh_Noh_Problem_lnS2
%% Calculating Yield
for jj = 1:length(tvec)
t = tvec(jj);
Master_Control
rho1 = .5*rho;
rho2 = .5*rho;
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% Reaction Rates from NRL Formulary
Temp = [1; 2; 5; 10; 20; 50; 100; 200; 500; 1000]; %keV
DD = [1.5e-22; 5.4e-21; 1.8e-19; 1.2e-18; 5.2e-18; 2.1e-17; 4.5e17; 8.8e-17; 1.8e-16; 2.2e-16]/1e6; %m^3/s
TavgeV = .5*(T(:,1:end-1) + T(:,2:end))/11605000;
vavg = .5*(v(:,1:end-1) + v(:,2:end));
rhoavg1 = .5*(rho1(:,1:end-1) + rho1(:,2:end));
rhoavg2 = .5*(rho2(:,1:end-1) + rho2(:,2:end));
sigv = interp1(Temp, DD, TavgeV, 'linear',0);
n1 = rhoavg1/(amu*M1);
n2 = rhoavg2/(amu*M2);
V = l*pi*(r(:,2:end).^2 - r(:,1:end-1).^2);
dN = n1.*n2.*sigv.*V;
dNdt = sum(dN,2);
% Calculating total energy
for kk = 1:length(tm)
stp(kk) = find(T(kk,:)==0,1,'first');
for i = 1:stp(kk)
mTp(i) = pi*(r(kk,i+1).^2 - r(kk,i).^2)*l*.5.*(rho(kk,i) +
rho(kk,i+1))*.5.*(T(kk,i) + T(kk,i+1));
mV2p(i) = pi*(r(kk,i+1).^2 - r(kk,i).^2)*l*.5.*(rho(kk,i) +
rho(kk,i+1))*.5.*(v(kk,i).^2 + v(kk,i+1).^2);
mag_p(i) = B(kk,i).^2/(2*munaught)*pi*(r(kk,i+1).^2 r(kk,i).^2)*l;
mag_psum = mag_p(i) + mag_psum;
mT = mT + mTp(i);
mV2 = mV2p(i) + mV2;
end
Etot(kk,jj) = 1.5*R*mT + .5*mV2 + mag_psum;
mT = 0;
mV2 = 0;
mag_psum = 0;
Rs(kk,jj) = r(stp(kk));
mass(kk,jj) = sum(rhoavg1(kk,1:stp(kk)).*V(kk,1:stp(kk)));
end
if t>1e-8 * 1e9
figure(20), semilogy(r, rho)
keyboard
end
if jj == 1
Y(:,jj) = dNdt*dt;
else
Y(:,jj) = dNdt*dt + Y(:,jj-1);
end
dNdt = 0;
% to find implosion velocity
imp_v(:,jj) = abs(v(stp));
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end
E_neutron = Y*2.45e6*q;
E_cp = Y*(1.01+3.02+0.82)*10^6*q;
Ef = E_neutron + E_cp;
G = Ef./Etot;
%% Plots
% figure
% loglog(tvec,Ef)
% title('Fusion Energy over Time')
% xlabel('Time (s)'); ylabel('Fusion Energy (J)')
%
% figure
% plot(tvec,Rs)
% title('Shock Radius over Time')
% xlabel('Time (s)'); ylabel('Shock Radius (m)')
%
% figure
% loglog(tvec,Etot)
% title('Total Energy over TIme')
% xlabel('Time (s)'); ylabel('Total Energy (J)')
%
% figure
% loglog(tvec,G)
% title('Gain versus Time')
% xlabel('Time (s)'); ylabel('Gain')
%
% figure
% plot(tvec,mass)
% title('Mass over Time')
% xlabel('Time (s)'); ylabel('Mass (kg)')
% plot(tvec,E_neutron)
% title('Neutron Energy over Time')
% xlabel('Time (s)'); ylabel('Neutron Energy (J)')

A.7 Linear Regression Function
function [a r2] = linregr(x,y)
% linregr: linear regression curve fitting from Chapra, S. C., “Applied
% Numerical Methods with MATLAB® for Engineers and Scientists,” McGraw
Hill,
% New York, 2008, pp. 300-306.
%
[a, r2] = linregr(x,y): Least squares fit of straight line to data
by
%
solving the normal equation
% input:
%
x = independent variable
%
y = dependent variable
% ouput:
%
a = vector of slope, a(1) and intercept, a(2)
%
r2 = coefficient of determination
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n = length(x);
if length(y)~=n, error('x and y must be same length'); end
x = x(:); y = y(:); %convert to column vectors
sx = sum(x);
sy = sum(y);
sx2 = sum(x.*x);
sxy = sum(x.*y); sy2 = sum(y.*y);
a(1) = (n*sxy - sx*sy)/(n*sx2 - sx^2);
a(2) = sy/n - a(1)*sx/n;
r2 = ((n*sxy - sx*sy)/sqrt(n*sx2 - sx^2)/sqrt(n*sy2 - sy^2))^2;
% create plot of data and best fit line
% xp = linspace(min(x),max(x),2);
% yp = a(1)*xp + a(2);
% plot(x,y,'o',xp,yp);
% grid on
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